McnHTHBaite <J)yHKii;HJa, ocHOBHa „TeopHJa" 

MaTepnjaji npnnpeMno Jacob Linus 

HcnHTHBaae 4>y HKITH Ja MO»ceMO pa3Jio»CHTH Ha cnejietie .nejioBe: 

1. 06jiacT /i;e(j)HHHcaHOCTH cfyHKirHJe (hjih AOMeH (jpyHKHHJe) 

2. Hyne m 3HaK 4>yHKiiHJe 

3. IlapHOCT h nepno,zumHOCT cfjyHKHHJe 

4. rpaHH^He Bpej(HOCTH (})yHKU.nje Ha KpajeBHMa flOMeHa 

5. AcHMETOTe (})yHKri;HJe 

6. IIpBH H3BOa, MOHOTOHOCT H JIOKajIHH eKCTpeMH (jpyHKHHJe 

7. Hpyrn H3BO/[, KOHBeKCHOCT h npeBOJHe Ta^iKe 4)yHKn;nje 

8. IIpTaae rpacj)HKa 4>y HKI I H J e - 

Ca/ta ReMO ce .neTaJBHHJe ocBpHyTH Ha cbskh o,n; obhx /[ejioBa. 

i. 06jiacm detfiuHucaHocmu (fJyHKV,uje (ujiu doMen <fiyHKV,uje) Haj^eniRe Re (jjyHKHHJa / Kojy 

HcnHTyjeMO 6hth cacTaBJteHa (npen;H3Hnje MaTeMaTiraKH 6h ce peKJio ,na je KOMno3HHHJa) o,n 

BHine eneMeHTapHHx (f)yHKH,nja, tj. Morjin 6hcmo (})yHKHHJy / ^a npe,ncTaBHMo Kao / = g(h(x)). 

YrjiaBHOM he d()yHKii;nja / 6hth ,ne({)HHncaHa 3a hctb Bpe^HocTH x Kao h /i, ceM HeKOJiHKo H3y3e- 

TaKa: 

q( x ) 

1. /(x) = — — - je ,ne(})HHHcaH Ka^a cy .neifjHHHcaHe h o(x) h /j(x) h Ka,H je /i(x) ^ 0; 

/i(x) 

2. /(x) = log Q g(:r) je ,ne(})HHHcaH Ka^a je /i;e(j)HHHcaHa h g(x) h Ka,na je ff(x) > 0; 

3. /(x) = -\/g(x) je ,ne({)HHHcaH Ka^a je fleifiHHHcaHa h g(x) h Ka,na je g(x) > 
(hcto BascH h 3a 6hjio kojh "napaH" KopeH: V - , o/~. . . ); 

4. /(x) = tg<?(x) je fleijiHHHcaH Ka/ta je .neifjHHHcaHa h g{x) h Ka^a je g(x) 7^ fc7r(fc g Z); 

5. /(x) = ctggr(:r) je fletpHHHcaH Ka,n,a je ,ne(})HHHcaHa h g(x) h Ka/ta je g(x) /2fc + lf(i€Z); 

6. /(x) = arcsin<7(x) je ,ne(J)HHHcaH Ka^a je ,n;e<f)HHHcaHa h g{x) u Ka^a je —1 < g(x) < 1; 

7. /(x) = arccosg(x) je ,n;e<f)HHHcaH Ka.ua je fleifiHHHcaHa h g(x) h Ka.ua je —1 < g(x) < 1. 

2. Hyjie u 3hclk $>yHKV,uje Ha obom .neny ce HefieMo npeTepaHo 3a^p»caBaTH jep ce Ha Herai Ha^HH 
no,npa3yMeBa cpe,HK>oiHKOJicKO 3HaH.e peniaBaaa KBa^paTHHX, jioropHTaMCKHX, eKcnoHeHirnjaji- 
hix, TpnroHOMeTpHJCKHX je^Ha^HHa h Heje,HHa*iHHa, Kao u Heje,HHa*iHHa Be3aHHX 3a pairnoHajiHe 
4>yHKii;HJe. OB/te freMo ce no^ceTHTH caMo HaJ3Ha*iaJHnje MaTepnje. 

„ . r, ^ 7 1 —b± \Zb 2 - 4oc . 

1. Penie&a KBa^paTHe je^jia^iHHe fix) = ax + ox + c = cy x\ 2 = (h y3MHMo 

2a 
p& je x\ < X2), a 3a 3HaK HMaMO flBa CJiy^aja y 3aBncHocTH KaKaB je KoeifiHHHJeHT a: 

l°a > (|)yHKHHJa / je no3HTHBHa Ha HHTepBajiHMa (— 00, Xi) h (x2,oo), a HeraTHBHa Ha (xi,X2); 

2°a < / > 3a x g (xi,X2), a / < 3a x s (— 00, xi) U (2:2,00). 

2. EKCnoHeHinvijajiHa 4>yHKu;HJa e^ je .ztecfjHHHcaHa na ijejioM K = (—00,00) h Ty je yBeK n03- 
HTHBHa! Tj. f(x) = e g ( x ' > 3a cBaKo x H3 flOMeHa H c[)yHKLi;HJe g(x), a /(x) = e 3 ^^ = h 
/(x) = e g ( x ' < ce He ^einaBa HHKa^. 

3. 3a jioropHTaMCKy (j)yHKu;HJy f(x) = lng(x) Ba)KH p,a, je /(x) = Ka^ je g(x) = 1, f(x) > 
Ka,n je g{x) > 1, a f(x) < Ka^ je < g(x) < 1. CBaKy /tpyry ocHOBy norapHTMa Moaceivio 

\ng(x) 



CBecTH Ha ocHOBy npHpo^Hor jiorapHTMa, tj. In: log a g(x) 



In a 



4. Ho6po no3HaBaae TpHroHOMeTpHJcKHx (fjyHKUHJa 3axTeBa MHoro Brenie npocTopa, TaKo ^a 
ReMO ce ocBpHyTH caMo Ha HHBep3He TpwroHOMeTpHJCKe (})yHKu;HJe: f(x) = arcsing(a;) = 3a 
OHe Bpe/tHocTH Ka^ je g(x) = 0, /(x) > Ka,n je < g(x) < 1, a f{x) < Ka^ je — 1 < g[x) < 0. 



fix) = arccosg(cc) = Ka/j; je 17(0;) = 1, fix) > k&a je —1 < g(x) < 1, a f(x) < HHJe khk&a. 
f(x) = arctg g(x) = Ka^ je g(x) = 0, f(x) > Kafl je g(x) > 0, a f(x) < Kafl je g{x) < 0. 
fix) = arcctg g(x) je yBeK no3HTHBHo, tj. f(x) > 3a cBaico x H3 flOMeHa D (pyHKinije g{x). 

3. IlapHocm u nepuoduuHocm fiyHKi^uje 3a (pyHKHHJy f(x) KaaceMO jj;a je napHa aKO je f(—x) = 
f(x) 3a CBaKO x H3 jj;oMeHa D (o/jperjeHor nofl 1). f(x) je HenapHa aKO je f{—x) = —fix) 
3a CBaKO x H3 flOMeHa D. Ako je (pyHKii,HJa napHa hjih HenapHa noTpe6HO je to nojca3aTH, a 
aKO HHJe hh napHa hh HenapHa oH^a je ^obojlho Harm HeKy Bpe/jjaocT x = a £ D 3a Kojy je 
/(-a)^/(o)n/(-o)^-/(a). 

3a (pyHKiLHJy /(a;) KaseMo ,na je nepHcznuiHa aKO nocTojn 6poj T TaKaB jia je f{x) = f(x + T) 
3a CBaKO 3a CBaKO x H3 ^oMeHa D. HaJMaitH TaKaB 6poj T o3HaiaBaneMo ca lu h oh ce Ha3HBa 
nepHo/j; (pyHKnnje /. TaKoFje aKO je (pyHKinija nepHOjj;H*iHa noTpe6HO je to noKa3aiH, a aKO 
HHJe to ce MOJKe 3aKJty^HTH Ha ocHOBy npeTxojj;Ha TpH jj,ejia HcnHTHBaaa (pyHKHHJa (flOMeHa, 
Hyjia h 3HaKa, rpaHHqHHX Bpe/nrocTH) . 

4. rpanuHHe epednocmu (fJyHKV,uje na KpajeeuMa doMena Ako ce jj,OMeH D MO»ce npeijCTaBHTH 
Kao yHHJa HHTepBajia o6jiHKa (a, b) noTpeSHo je 3a cBaKH ojj; thx HHTepBana ojipejj;HTH cjie/jerie 
flBe rpaHH^iHe Bpe/jjiocTH: lim f(x) h lim fix). Ako je HeKa ojj; Bpe/piocTH a h b 6ecKOHan- 

x — >a + x — >b~ 

Ha, noTpeSHO je ojJ,pejj;HTH ojj;roBapajyfiH SecKOHa^HH JiHMec, mip. aKO je D = K ojjpeFjyjeMO 
lim fix) h lim fix). Ako HMaMo HHTepBaji oSjiroca (a, b] noTpe6Ho je o/xpe/iHTH lim fix) 

x — > — 00 x — > + oo x — >a + 

h Bpe/[HOCT fib) h cjih^ho 3a [a, b). HeKajj; je noTpeSHO kophcthth h JIonHTajioBO npaBHJio 

o 





(MO>Ke ce npHMeHHTH caMO Ha jiHMece o6jiHKa § hjih o6jiHKa — !) 



5. AcuMnmome <f>yHKV,uje HMaMo ppe BpcTe acHMnTOTa: BepTHKajiHe h Koce (xopH30HTajiHe cy 
cnenHJaJiHH cjiy^aj kochx). BepTHKajiHe acHMnTOTe ce jaBJtajy Ka/j; HMaMo npeKHjj; y jj;oMeHy: 
npaBa x = a je BepTHKajiHa acHMnTOTa aKO a He npraafla jj;oMeHy, a Sap jejjaH ojj; jiHMeca 

lim fix) h lim fix) nocTojn h 6ecKOHa*iaH je (+00 hjih — 00). JleBa Koca acHMnTOTa noc- 

x — >a+ x — >a - 

f( x ) 

tojh aKO nocToje cjie/jefia .zroa JiHMeca h KOHaiHH cy k = lim u n = lim /(a:) — k ■ x 

x — > — 00 X £ — > — oo 

(rjje je k npBoojxpefjeHH JiHMec) h Tajja je jieBa Koca acHMnTOTa npaBa y = kx + n. IIoTnyHO 
cjih^ho jj;ecHa Koca acHMnTOTa nocTojn aKO nocToje h KOHa^iHH cy jiHMecn k = lim h 

x^+oa x 

n = lim fix) — k ■ x h Tajj;a je jrecHa Koca acHMnioia npaBa y = kx + n. Ako ce JieBa h jjecHa 

x — >+oo 

acHMnTOTa noKJianajy (tj. to je HCTa npaBa) Ka»ceivio Jia HMaMo o6ocTpaHy acHMnTOTy. Xop- 
H30HTajma acHMnTOTa ce jaBJBa Ka/ta je Koe(pHn;HJeHT k = (cjiy^aj Kajj;a je hckh ojj; JiHMeca 
lim fix) hjih lim fix) KOHa^aH). 

x — > — 00 x — >+oo 

6. Ilpeu u38od, MOHomoHocm u AonaAHU eKcmpeMU <f>yHKV,UJe IIpeMa npaBHJiHMa aHipepemrHpaH- 
ja ce ojxpepjA npBH h3bojj; fix) (pyHKiiHJe fix). ZlajLa aHajiH3a ce cbo/ih Ha o/i;pel)HBaH.e Hyjia 
h 3HaKa npBor H3BO/i;a: Ka,n& je fix) = HMaMO KaH/tH/taTa 3a eKCTpeMyM (MaKCHMyM hjih 
MHHHMyM). Ha cBaKOM or HHTepBajia Ha KOMe je fix) > 3a CBaKO x HMaMO r& je (pyHKnnja 
pacTyha h to freMo 03HaiaBaTH cTpejinuoM /, aHa CBaKOM ojj; HHTepBajia Ha KOMe je fix) < 
3a CBaKO x HMaMo p,& je (pyHKHHJa onajj,ajylia, tj. \. Cajj; ce BpaRaMO Ha nHTaae ojjpeljH- 
Baita eKCTpeMyMa: KaHjj;Hjj;aT x = a je jioKajiHH MaKCHMyM aKO je jjo a (pyHKijHJa / pacTyha, a 
HaKOH a onajj;ajylia, /* a \, a KaHjjHJiaT x = a je JioKajiHH MHHHMyM aKO je jjo a (pyHKUHJa / 
onajiajyha, a HaKOH a pacTyfia, \ o / h Ty Tpe6a H3pa^yHaTH Bpe/nrocT (pyHKijHJe, /(a) h Ty 
Ta^Ky o3Ha^;aBaMo Ha rpa(pHKy. OcTaJia /ma CJiy^iaja (\ a \ h /" a /") HHcy eKCTpeMH. 
BeoMa ^ecTO ce 3a6opaBJLa jj,a ce ncnHTa Ha^HH KaKO (tj. no/j kojhm yrjiOM) (pyHKijHJa "yjia3H" 
y HeKy Ta^Ky hjih "H3Jia3H" H3 ae. IIpBH ojj; Ta jjBa cjiy^iaja ce jaBJta Kajj;a y hckom npeKHjjy 
x = a HMaMO jj;a je lim fix) KOHa^aH (a jj,pyrH Kajj;a je 3a HeKH npeKHjj; x = a HMaMo Ji,a je 

x — >a~ 

lim fix) KOHa^iaH) h Tajja je Koe(pHn;HJeHT npaBii;a TaHreHTe Ha KpHBy y okojihhh Ta*iKe (a, /(a) 

X—H1+ 

jj;aT ca k = lim fix) (tj. lim fix)). 



7. JJpyzu U3eod, KoneeKCHOcm u npeeojne maune <pyHKV,uje IIpeMa npaBHJiHMa ,zi;n<})epeHii;HpaH>a 
ce oflpez(n Apyrn h3bo,h f"(%) cfyHKUKJe f(x) (to je npBH h3boa Beh o^perjeHe cj)yHKn,nje f'(x)). 
HaJta aHajiH3a ce cbo,hh Ha o,nper)HBaK.e Hyjia h 3HaKa .npyror H3BO.ua: Ka^a je f"{x) = 
HMaMO KaH^HjiaTa 3a npeBOJHy Ta^ocy. Ha CBaKOM or HHTepBana Ha KOMe je f"{x) > 3a CBaKO 
x HMaMO &&, je (J)yHKHHJa KOHBeKCHa h to heMo 03Ha*iaBaTH U, a Ha cbskom or HHTepBana Ha 
KOMe je f"(x) < 3a CBaKO x HMaMO a& je (jpyHKUHJa KOHKaBHa, tj. (~l. IlpeBOJHa Ta^iKa x = a je 
OHa r^e ce Meita kohb6kchoct. Hcto Kao h ko,h MiHHMyMa h MaKCHMyMa o,nper)yjeMo Bpe^HocT 
4>yHKHHJe /(a) h Ty Ta^ncy 03Ha*iaBaM0 Ha rpacpHKy. 

8. Upmaibe zpaipuKa (pyHKi^uje Ha rpacftrocy 03Ha*iaBaMO (aKO nocToje) cJie^eRe Ta^Ke: Hyne, 
Ta^Ky (0, /(0)) (to je npeceic ca y— ocom), MHHHMyMe h MaKCHMyMe, npeBoJHe Ta^nce, 3aTHM 
npTaMO acHMETOTe h rpaHH^He Bpe^HOCTH h Ha Kpajy cbb to cnoJHMO BOflehn pa^iyHa o 

MOHOTOHOCTH H KOHBeKCHOCTH. 

Ebo obo Re Mostfla HeKOMe kophcthth, HMao caM OTKynaHO na caM ^;o/;ao. Ebo HeiHTo join 
K& BaM HanimieM H3 mot HCKycTBa o HcnHTHBaay (|)yHKnHJa. : — ) HcnHTara HeKe KOMnjiroco- 
BaHHJe d^yHKUHJe 3axTeBa ,no6po no3HaBaH,e j\oct& MeTepHJaJia, ajiH MOKAa y CBeMy HaJBefiH 
npoSjieM je ihto MO»ce &a, ce norpenm, h ca je^HOM rpeniKOM, .nocia cTBapn ce OH/ta He ytcnana, 
h He Hcna/(a ,ao6po, tj jiocia. ce aoSnje hckhx norpeniHHx pe3yjiTaTa. Ce6e TeinKO p,a, Mo»ceTe 
rq. cnpe*THTe p,a, norpeniHTe, ajin MO»ceTe otkphth jiaKO jj,& CTe norpeinnjiH !!! CBaKa Ta^nca y 
npoBepaBaity, Tpe6a ,na ce cnaace ca npeTxo^HHMa, HajSoJte je && ,,ynope,nHTe" 3HaK (})yHKnHJe, 
jiHMece, acHMnTOTe, mohotohoct h kohbckchoct. npn npTaity rpa(})HKa Kao ihto je HaroicaHO, 
CBe oho oSejiesKMTe h Ha Kpajy npTaJTe rpacjiroc, ja HHcaM HeKe CTBapn o6eJie>KHO jep HHcaM 
npTao Ha nannpy, na TpeSa AOCTa BHine BpeMeHa j\a, ce ypajni, ajiH oho Haj6HTHHje jecaM. 
CaMO joni HecTO ,na ppr&m, to caM BKmeo r& Jty^H rpeine, Kafla npTaTe acHMnTOTe, na rpai})HK 
y3 h.hx, HeKO HanpTao rpa(})HK Ta*mo npeKO acHMnTOTe, to HHJE ncnpaBHO, jep rpa(|)HK h 
acHMnTOTa HHcy hcto, h rpa(})HK HE Tpe6a hi y je^HOM ^ejiy jib, ^oflHpyje acHMnTOTy ! 

Cpermo BaM Ha HcnHTy : — ) tj. HaM, jep caM h ja ca Baiia : — ) 



Cjie^e penieita 3a^;aTaKa : -) 

OB,ne cy pemeaa 3a,naTaKa Koje je TaMapa KoJie,nnH ,najia, HHcaM ypa^no nocjie^aa 3 jep 
nocToje y kh>h3h! Ma^a caM ja OB^e 6oji>e ypaAHO Hero ohh TaMo : — ) xa xa xa, n& Me caMo 
tiyje MHJiaH...Moryfie je && caM Heryje norpeniiio, ajiH mhcjihm ^a Moatfla ^aK h HHcaM! Ako 
jecaM, OH^a je to 36or Konapaaa, na nocne aKO HeniTo He npoMemiM HeKH jieTan,, H3BHHHTe 
3a to! Ako yo^iHTe HeKe rpennce, jaBHTe mh ce Ha (JpopyMy, na hy hx HcnpaBHTH. Mojihm Bac 
A& ce He jaBJLaTe nyHO ca nniaftHMa, KaKO ch jio6uo obo, KaKO oho : — ) CBe ieto HHcaM Morao 
HanaMeT &&, peniHM ja caM nocTynHO Hanncao, TaKO &a, TpeGajio 6h jxa je CBe jaCHO ! 

no3Zi;paB 



1. HcnuTaTH tok h HanpTaTH rpacj)HK (})yHKHHJe /(x) = Vx 2 — 1 — x — 1. 

1° 06jiacT flet()HHHcaHOCTH: $yHKH.nja je ^eijiHHHcaHa Ha HHTepBany, Ha KOMe je ^ecpHHHcaHa 
\J x 2 — 1, AaKJie I? = (— oo, — 1] U [1, +cx)) 

2° Hyjie h 3heik: 



Vi 2 — 1 = x + 1 x ^ — 1 

x 2 - 1 = x 2 - 2x + 1 => x = -1 
3HaK, 3ai^ —1, /(a;) ^ 0, a3ai)l /(x) < 0. 

3° IlapHOCT h nepno,zn<raHOCT: hhth je napHa, hhth HenapHa, hhth nepHo;nmHa 

4° TpaHMMHe Bpe,zrHOCTH (J)yHKHHJe Ha KpajesuMa flOMeHa: 

lira yi 2 — 1 — x — 1 = +oo 



lim yi 2 — 1 — x — 1 = — 1 

X — > + oc 

/(-1) = /(l) = -2 

5° AcHMETOTe (})yHKii;HJe: <J>yHKii;nja HeMa BepTHKaJiHHX acHMnioTa. HecHa Koca ce bh,hh H3 
npeTxo/tHe Ta^oce, ^aKJie .necHa je xopn30HTajiHa h y = — 1. JleBa: 

\/ X — 1 — X — 1 

A: = lim = —2 



n = 

x — > — oo 



lim (^Jx 2 - 1 - x - 1 + 2x) = -1 

: — > — oo 

HaKJie jieBa Koca acHMnioia nocTOJH h to je npaBa y = —2x — 1. 

6° IIpBH H3BO,n;, MOHOTOHOCT H JIOKajIHH eKCTpeMH <|)yHKHHJe: 



fix) = 2X - 1 = X ~ ^ X2 ~ l 

2^x2^71 y/x 2 ^! 



KaKO je \/x 2 — 1 yBeK Befie or Hyjie, ^oSHJaMO j\a, je 3a x ^ —1 f'{x) < 0, aok ce 3a x ^ 1 
bh,hh ^a je /'(x) > 0. 





X ^ -1 


x> 1 


/'(•'•) 


- 


+ 


m 


\ 


/ 




ona^a 


pacTe 



$yHKUHJa HeMa jioKanHHx eKCTpeMyMa. 
7° ZlpyrH H3BOfl, kohb6kchoct h npeBojHe TaMKe: 



/"(*) 



( i - . ,T ) Vx 2 - 1 - (x - Vx^n:) 

\ Va; 2 -!/ 



Vx^n: 



x 2 -l 



(Vx 2 — 1 — x) — — x I \/x 2 — 1 



, Vx 2 — 1 / _ \/x 2 — 1 

x 2 — 1 X 2 — 1 

1 

(x 2 -l) f 



KaKO je 3a CBe x 3a Koje je flei))HHHcaHa c{)yHKn,nja x 2 — 1 ^ 0, 3aKJLy*iyjeMo r& je f"(x) < 0. 
HaKJie qj)yHKn;nja je Ha iHTaBOM ,z[OMeHy KOHKaBHa, tj. H3rjie.ua OTnpujmKe OBaKO n. $yHKHHJa 
Heiia npeBoJHux Ta^iatca. 



Tpa(j)HK (|)yHKi];HJe: f(x) = \Jx 2 — 1 



1 




2. HcnHTaTH tok h HaiipTaTH rpacj)HK (})yHKHHJe f(x) = arctg 



x 2 + l 
x 2 -!' 



1° 06jiacT ^e(()HHHcaHOCTH: <J>yHKnHJa HHJe ^e<|)HHHcaHa 3a x = — 1 h i = 1, na je 

D = (-oo,-l) U(-1,1)U (l,+oo). 



2° Hyjie h 3HaK: Heiia Hyjia, jep 



x 2 + l 
x 2 -l 



HHKa^a HHJe Hyjia (3a peanHe 6pojeBe). 3HaK, KaKO je 



yBeK x 2 + l > 0, ,no6HJaMo ,na 3HaK 3aBHcn caMO o,n x 2 — 1, na je 3a x G (—00, — 1)U(1, +00) Z(x) > 
0, a 3a a: G (—1,1) /(«) < 0. 



3° IlapHOCT h nepaoflHiHOCT: $yHKijHJa je napHa. 

., > . (~-t) 2 + 1 . x 2 + l 

f{-x) = arctg = arctg — - 

(— a;) — 1 x z — 1 

4° TpaHHMHe Bpe,nHOCTH (J)yHKHHJe Ha KpajeBHMa flOMeHa: 



m- 



X 2 4 7T 

4 



x 2 - 1 



X— ►- 1 



lim arctg 

lim arctg 



x 2 + 1 



lim arctg 

x z — 1 x->l 



x 2 + l 



a; 2 + 1 7r 
x 2 - 1 ~ 2 

X 2 + 1 7T 



lim arctg — = lim arctg 

x-»- 1+ a;" 1 — 1 s-»i- a;" 1 — 1 2 

Obo OBaKO CMeM p,& nurneM y npaBOHMa jep je (jpyHKirnja napHa ! 

5° AcHMnTOTe <{>yHKi^HJe: H3 npeTxo,nHe Ta^iKe ce bh^h jxa, (})yHKn.nja HeMa BepTHKajiHHx acHMn- 
TOTa, jep Ha npeKH^HMa Romena. He Te>KH 6ecKOHa^iHOCTH. Ajih HMa o6ocTpaHy xopH30HTajiHy 
acuMnTOTy, h to je npaBa y = — . 

6° IIpBH i/isbor, mohotohoct h jiOKajiHH eKdpeMH (JiyHKUHJe: 

1 2x(x 2 - 1) - (a: 2 + l)2x 



/'(*) 



1 + 



x 2 + l 
x 2 -l 

{x 2 - l) 2 



-4a: 



{x 2 - If 



2x 



2x 4 + 2 (x 2 -l) 2 
BnflHMO && 3HaK 3aBHCH caMO o,n x, na je 



x 4 + l 





(-00,0) 





(0,+oo) 


/'(*) 


+ 
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/ 




\ 




pacTe 


eKCTpeMyM 


ona^a 



7T . / 7T 

/(0) = — , Ho6HJaMO r& je JiOKajiHH MaKCHMyM Ta^iKa M ( 0, — 
7° ZlpyrH H3BO,n, kohb6kchoct h npeBOJHe Ta^Ke: 



/"(*) 



2(x 4 + 1) - 2x ■ 4a- 3 _ 2(3x 4 - 1) 
(x 4 + l) 2 ~ = (x 4 + l) 2 

a 1 

3x 4 -l = 0=>x = ±^ 

A^3 



Ho6njaMo 





H-^) 


1 

~?3 


\ ^3'^j 


1 


(w + °°) 


!"(■>■) 


+ 





- 





+ 


fix) 


u 


npeBOJ 


n 


npeBOJ 


u 



/< -^ ) = / <^ ) = ™ t8 r ± ^ = ™ t8( - 2 - y5) = - 75 ° = -S 



1 5tt\ „ / 1 5tt 

HaKJie, iMaMO jme npeBOJHe Ta^Ke P — , ) n R \ — =, 

^3' 12 J V^3 12 



x 2 + l 



Tpa(j)HK (j)yHKn;HJe: /(a;) = arctg — ^ - 
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3. HcnHTaTH tok h HanpTaTH rpac[)HK (pyHKn;HJe f(x) = x\/2x — x 2 . 

1° 06jiacT fleijiHHHcaHOCTH: $yHKn;nja je ^eifiHHHcaHa 3a oHe x, 3a Koje je 2x — x 2 > 0. Ho6h- 
jaMo a& je D = [0, 2]. 

2° Hyjie h 3heik: 3HaK, (pyHKijHJa je yBeK no3HTHBHa, a Hyjie cy x = h x = 2. 

3° IlapHOCT h nepHO,HH^iHOCT: hhth napHa, hhth HenapHa, hhth nepHOflH^Ha 

4° TpaHHMHe Bpe,zniocTH t^yHKinaje Ha KpajeBHMa flOMeHa: Ha KpajeBHMa .noivreHa f(x) = 0. 

5° AcHMnTOTe (^yHKniaje: Heiia BepTHKajiHHX acHMnioia, a hh kochx ! 

6° IIpBH H3BO,n;, MOHOTOHOCT H JIOKajIHH eKCTpeMH <})yHKHHJe: 

2-2x 2x-x 2 + x-x 2 -2x 2 +3x x(-2x + 3) 



/'(x) = V2a; - x 2 + ; 



2V2 



x — x' 



V2 



x — X' 



V2 



X — X* 



V2 



x — x z 
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» r / 3 3^3 

XloDHjaMO ,na je jioKajiHH MatccHMyM Ta*iKa M -, 

7° ZlpyrH H3BOfl, KOHseKCHOCT h npeBojHe TaMKe: 



(-4x + 3) • \/2x - x 2 + (2x 2 - 3x) 



/"(*) 



1 -x 
v2x — x 2 



2x — x 2 
(-4x + 3) ■ (2x - x 2 ) + (2x 2 - 3x) • (1 - x) 
(2x-x 2 )^ 
2x 3 - 6x 2 + 3x x(2x 2 - 6x + 3) 



(2x - x 2 ) 
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, / 3-\/3\ „ . I 3- y/3 \ 

KaKo je / « 0, 59 .noSnjaMo j\a, je npeBoJHa Tallica P , 0,59 

Ca obhm KopeHHMa HHcaM Morao &a, ce H36opHM, na aKo HeKo ,no6HJe HeniTo jieno, HeKa mh 
jaBH... 



Tpa(j)HK <})yHKii;HJe: fix) = x\/2x — x 2 




4. HcnHTaTH tok h HaijpTaTH rpacjiHK (pyHKHHJe f(x) = 73a; — x 3 . 
1° 06jiacT ^e(J)HHHcaHOCTH: <E>yHKirHJa je ^ei|)HHHcaHa 3a CBe x G 



2° Hyjie h 3H£ik: KaKo je f(x) = \Jx{?> — x 2 ), /[o6HJaMo Tpn Hyjie, x = h x = ±V3. Ca,na 3HaK 
(pyHKirnje: 
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3° IlapHOCT h nepno,nM*iHOCT: $yHKUHJa je HenapHa! 

f(—x) = V — 3x + x 3 = — y3x — x 3 = —f(x) 
4° TpaHHMHe Bpe,nHOCTH pyHKHHJe Ha KpajeBHMa flOMeHa: 

lim v 3a; — x 3 = +oo 



lim V 3x — x 3 = — oo 

a: — >-t-oo 

5° AcHiunTOie (j>yHKHHJe: BepTHKajiHHx acHMnTOTa HeMa, jep HeMa npeKH^a ^OMeHa. Koce 
acHMnTOTe Ma, tj. OHa ycTBapn Mopa 6hth oSocTpaHa jep je (pyHKHHJa HenapHa, a HahH hy 
je npeKO MaKJiopeHOBor pa3Boja, TaKO je Space h 36or He*iera 6oJi>e, BH^eReTe 3aniTo! 

1 
3 



3\3 



oo, f{x) = (3a; — x ) 



-a; 1 



.r- 



3 x 2 



1 n 

= -H ho - 

X \x 

H3 nocjie^Hier ce bh^h pa je oGocTpaHa acHMnioia npaBa y = —x. Ja caM pa3BHO HaMep- 

ho je^aH ^uiaH BHine pa 6hx ca/ta ,ho6ho je^aH *uiaH kojh Te»CH HyjiH, tj mhcjihm Ha — , h 

x 
oh He yTH^e Ha acnivinTOTy, AJIH roBopn o TOMe pa jih ce rpac})HK Hajia3H Hcnofl hjih H3Ha,n 

acHMnTOTe!!! Ako je no3HTHBaH, oHfla je H3Ha,n, aKO je HeraTHBaH oH^a Hcno^! 3Ha^iH Ka^a 

x — > +00 Ta,na je rpaipHK H3Ha,n; acHMnTOTe, a Kafla x — > —00 rpacpHK je Hcno,n acHMnTOTe! Ebo 

36or oBora je Sojte oBaKo pa^HTH, oBy noMoR He flo6njaTe Ka,na Tpaaone noivioriy jiHMeca, 

OHa npBeHCTBeHO cjiyscn pa saM noicaace pa jih CTe norpeniHJiH h /[a jih ce pe3yjiTaTH yKJiana- 

jy! Ja Ka.p,& rop Mo>Ke pa^Hivi OBaKo, jep je 6oji>e h Kpafre, MeHH h jiaKine, a bh KaKo xoheTe..: — ) 

6° IIpBH H3BO,n,, MOHOTOHOCT H JIOKajIHH eKdpeMH <|)yHKHHJe: 

cll , 1 3 -3a; 2 1 - a; 2 
j (x) = - ■ 5- = ^ 

3 (3a;-a; 3 ) s (3a;-a; 3 ) S 





(-00,-1) 
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(-1,1) 
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(l,+oo) 


fix) 
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HoSnjaMO pa je jioicaHH MHHHMyM 3a x 
x = l, f{x) = 72. 



m 



'2, flOK je JIOKajIHH MaKCHMyM 3a 
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7° ZlpyrH H3BOfl, kohb6kchoct h npeBojHe TaMKe: 



2x{3x-x i ) 3 - (1-x 2 ) 



2 3 - 3aH 



(3x-x 3 ) 3 



/"(*) = — 

(3a; — x 3 ) 3 

-2x(3x - x 3 ) - 2 ■ (1 - x 2 ) ■ (1 - x 2 ) 2a; 2 + 2 



(3a; — a; 3 ) 3 (3a; — a; 3 ) 3 

H3pa3 y 6poJHony je yBeK no3HTHBaH, a H3pa3 y HMeimouy HCTor je 3HaKa Kao u caMa 
(j)yHKiiHJa, ajiH 36or OHor Mimyca Hcnpe,n caivio ce CBe OKpeHe, .zjaKJie Ha ocHOBy Ta*oce 2° 
,Ho6HJaMO cJie/tefie: 





(-oo, — v3) 


-V3 


(-•v/3,0) 





(0,V3) 


73 


(>/3,+oo) 
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Ho6njaMo Tpn npeBojHe Ta*oce, Pi(— v3, 0), i-2(0, 0) h P3(yo, 0). 
Tpa(j)HK (|)yHKLi;HJe: 
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5. HcnHTaTH tok h HanpTaTH rpacj)HK (})yHKHHJe fix) = \fx — vaT-j-T. 
1° 06jiacT ^e(J)HHHcaHOCTH: <E>yHKu.nja je ,ne(})HHHcaHa 3a cBe x e K. 
2° Hyjie h 3heik: HeMa Hyjia. 3HaK, yBeK je /(a;) < 0. 

3° IlapHOCT h nepHO,HH^iHOCT: Hhth napHa, hhth HenapHa, hhth nepHO^HiHa 
4° TpaHHMHe Bpe,znaocTH 4>yHKLi;HJe Ha KpajesuMa flOMeHa: 

lim f(x) = 



5° AcHMnTOie <t)yHKHHJe: BepTHtcajiHHx acHMiiTOTa HeMa, a H3 npeTxcnne Tanice ce bh,hh r& 
je npaBa y = o6ocTpaHa xopH30HTajiHa acHMnTOTa. 



6° IIpBH H3BO,n;, MOHOTOHOCT H JIOKajIHH eKCTpeMH <{)yHKirHJe: 



/'(*) 



1 



1 



1 



(^i) 2 (^TT) 1 



(-00,-1) 



/'(*) 
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4 '2 



HHJe p,edp. 



\>° 




HHJe £e(] 



(0,+oo) 



/(*) \ 



\ 



/ 



1 „/l\ 3/I 

HoOnjaMo r& je jioicajiHH mhhhmym 3a x = -, / I - I = — 2\ -. 

7° XlpyrH H3BOfl, kohb6kchoct h npeBOJHe Ta^Ke: 



r(a;) = 2 . f 1 L^ 





(-oo,-l) 


-1 


(-1,0) 





(0,+oo) 


/» 
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HHJe m$- 
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HHJe .neqf). 
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npeBOJ 
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npeBOJ 


n 



$yHKHHJa HMa jxse npeBOJHe Ta*nce P\{— 1,— 1) h Pa(0, — 1). 
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Tpa(j)HK <})yHKii;HJe: f(x) = \fx — \Jx + 1 



v = o 




Min 
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6. HcnHTaTH tok h HaijpTaTH rpaipHK (pyHKinvrje f(x) = ln(l + e 2x ) + 2arctge _a: . 
1° 06jiacT fle(J)HHHcaHOCTH: $yHKUHJa je ,ne(pnHHcaHa 3a cBe x g K. 
2° Hyjie h 3heik: 3a CBe x f{x) > 0, Hyjia Heiia! 

3° IlapHOCT h nepaoflH^HOCT: Hhth napHa, hhth HenapHa, hhth nepHO^HiHa 
4° TpaHMMHe Bpe,nHOCTH (pyHKHHje Ha KpajeBHMa flOMeHa: 

lim f(x) = it 



x — > — 00 



lim f(x) = +00 

2: — >+oo 

5° AcHMHTOTe (pymcnHJe: BepTHKajiHHX acHMnTOTa HeMa! H3 npeixo^He Ta^nce ce bh,hh p,& je 
npaBa y = tt jieBa xopH30HTajiHa acHMnTOTa. Ca^a join /[a HafreMO ,necHy Kocy: 



Jfc = lim M 

x — >+oo X x— »+oc 



ln(l + e 2:E ) + 2 a rctge- :r JI. n . , 2e 2a; 2e~ x 

lim = lim -z — = 2 

x 2^+00 1 + e Zx 1 + e x 



IIoinTO caM OB,ne Tpa>KHO f'{x), tj jcpaj&H H3pa3 je ycTBapn to, OH^a fry to hckophcthth y 
cjie^efroj TaiKH. 



n = lim (/(») - 2x) = lim (ln(l + e 2x ) + 2 arctg e~ x - 2x) = lim ((ln(l + e 2x ) - In e Zx ) 

x— » + oo a; — *-f-OG :c— > + oo 



, 1 + e 2x 
lim In ^ — = 

x— >+oc e^ 



,2.r 



KoHa^iHo /[oSHJaMO ,na je ^ecHa Koca acHMnTOTa npaBa y = 2x. 

6° IIpBH H3BO,n;, MOHOTOHOCT H JIOKajIHH eKCTpeMH (pyHKHHje: 

2e 2 - 2e-« 



1 + e 2x 1 + e" 



/'(*) 



/(*) 



(-oo,0) 



(0,+oo) 

+ 



$yHKn.HJa HMa jiOKajiHH MHHHMyM 3a a? = 0, /(0) = In 2 -\ — «2, 17. 
7° XlpyrH H3BOfl, kohb6kchoct h npeBojHe Ta^Ke: 



rw 



4e 2:r (l + e 2x ) - 2e 2x ■ e 2x -2e~ x {\ + e~ 2x ) - 2e- x {-2e~ 2x ) 
{l + e 2x ) 2 {l + e~ 2x ) 2 

Ae 2x 2e~ 3x - 2e~ x 

= {l + e 2x ) 2 ~ {l + e~ 2x ) 2 



3aa; = -ln(l + V2), f"{x) = 
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Ho6iijaMO CMe^ehe: 





(-oo,-ln(l + /2)) 


-ln(l + V2) 


(-ln(l + V2),+oo) 


f"M 


- 
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/(*) 
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npeBOJ 
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HaKJie npeBOJHa Ta^iKa je P(— ln(l + v2),/(— ln(l + y2)))- Ka^a ce to Mano cpe.nn ^oSnje 
ce P(- ln(l + v/2), ln(4 + 2V2) + — ), tj npn6jiH3HO ^;o6HJaMO P(-0, 9 2,5). 



Tpa(j)HK tyyHKisjije: f(x) = ln(l + e 2x ) + 2arctge x 
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7. HcnHTaTH tok h HanpTaTH rpaipHK (pyHKUHJe f(x) = xe x . 

1° 06jiacT ^e(J)HHHcaHOCTn: $yHKD;nja HHJe .ijecpHHHcaHa y HyjiH, D = R \ {0}. 

2° Hyjie h 3H£ik: IIoinTO je eKcnoHeHUHJaJiHa yBeK no3HTHBHa, OH/ta 3HaK 3aBHCH caMO op, .x, 
3Ha^iH 3a i < / (^O < 0, a 3a i > f( x ) > 0- Hyjie HeMa. 

3° IlapHOCT h nepno,zn<raHOCT: hhth napHa, hhth HenapHa, hhth nepHOflHiHa 

4° TpaHH^iHe BpeflHOCTH cpyHKHHJe Ha KpajeBHMa flOMeHa: Mory h ca^a pa pa3BHJeM na fiy 
to OB/te ypajniTH. 



cce 



a;- 1 



Ca^a ce bh,hh /ta je 



TaKoFje je h 



1 1 
x 2x 2 



lim f(x) 



1 /I 

x+ 1 = - +o - 

X \x 



X — > — oo 

lim /(cc) 

a: — >+oo 



-DC 



lim xe x = 



lim xe a 



-X 



5° AcHMmoTe (pyHKu;HJe: <*t>yHKHHJa ma npeKH/i; y Ta*iKH x = 0, na y H>eHoj okojihhh noc- 
tojh MoryriHOCT 3a BepTHKajiHHM aCHMnTOTaMa. H3 npeTXOAHe Ta^oce ce BiflH pa, nocTOJH 
BepTHKajiHa acHMnToia (36or ^ecHor jiHMeca y Hyjin) h to je npaBa x = 0. Tatcolje ce H3 
npeTxo/tHe Ta^iKe bh,h;h ,na je npaBa y = x + 1 oSocTpaHa Koca acHMmoTa! Ka/ta a; — > —00 OH^a 
je rpacpHK HcnoA acHMmoTe, a Ka.ua x — > +00 rpatpHK je vi3nap. 

6° IIpBH H3BOJD;, MOHOTOHOCT H JIOKajIHH eKdpeMH cpyHKHHJe: 



/'(*) 



1 

X 



IIpBH u3Bop 3aBHCH caMo ob oBor H3pa3a y 3arpa.nn, .noSnjaMo 





(-00,0) 





(0,1) 
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(l,+oo) 
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HHJe pety. 
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f'(x) 
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HHJe pefy. 
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HHJe pefy. 
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MHH. 


/ 



HaKJie, Ta^Ka M(l,e) je JIOKajIHH mhhhmym cpyHKHHJe. 
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7° ZlpyrH H3BOfl, kohb6kchoct h npeBojHe TaMKe: 

1 



/"(*) 



x 1 , 1 

-e ■ -^ • I 



1 




— 


X 


1 


e x 




X 2 


X 3 





(-oo,0) 





(0,+oo) 


/"() 
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HHJe nedp. 


+ 


m 
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HHJe Ae(}). 


U 



$yHKn;HJa HeMa npeBoJHHx Ta*iKn. 

1 
Tpa(j)HK <t>yHKii;HJe: f(x) = xe 
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8. HcnuTaTH tok h HanpTaTH rpac()HK (|)yHKLi;HJe f{x) 



In x — 1 



In a;- 2 
1° 06jiacT ,zi;e(t)HHHcaHOCTH: $yHKu;HJa HHJe .neq^HimcaHa 3ai = e 2 , na je -D = (0, e 2 )U(e 2 , +oo) 

2° Hyjie h 3heik: HMa je^Hy Hyjiy x = e. 3HaK: 





(0,e) 


e 


( e ,e 2 ) 


e 2 


(e 2 ,+oo) 


In x — 1 


- 





+ 


+ 
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In x - 2 
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- 
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/(*) 


+ 
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HHJe &e§. 


+ 



3° IlapHOCT h nepHO,HH^iHOCT: hhth napHa, hhth HenapHa, hhth nepHO^H^iHa. 
4° TpaHHMHe BpeflHOCTH (j>yHKHHJe Ha KpajeBHMa flOMeHa: 

lim fix) = 1 

lim f(x) = — oo 

a: — *e 2 

lim /(a;) = +oo 

x — >e 2 

lim /(x) = 1 

x — >+oo 

5° AcHMnTOTe (^yHKUHJe: <J>yHKnnja HMa BepTrocajmy acHMnTOTy, h to je npaBa x = e 2 , ,hok 
je .necHa xopH30HTajiHa acnivinTOTa, npaBa y = 1. 

6° IIpBH H3BO,n;, mohotohoct h jiOKajiHH eKCTpeMH (JiyHKniije: 

In a; — 2 In x — 1 



/'(*) 



1 



(lnx-2) 2 x(lna;-2) 2 

3a CBe x 3a Koje je (jbymanija aeijiHHHcaHa f'{x) < 0, ^aKJie <})yHKi];HJa 
jioKaJiHHx eKCTpeMyMa. 

7° ZlpyrH H3BOfl, kohb6kchoct h npeBOJHe Ta^Ke: 



ona^a. HeMa 



(In a;- 2) 2 + 2x(lnx - 2) ■ - 

f"( x ) = x 

1 [ ' x 2 {\nx-2)i 



In a; 



x 2 (lnx — 2) 





(0,1) 


l 


(M 2 ) 


e 2 


(e 2 ,+oo) 


In a; 


- 
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(lnx-2) J 


- 
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- 
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f'(x) 


+ 
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HHJe p.ety. 
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fix) 
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npeBOJ 
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roije p.e$. 


U 



Ho6HJaivio j\a, je npeBOJHa Tallica P 1 
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Tpa(j)HK <t>yHKii;HJe: f(x) 



In x — 1 
Ins- 2 
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9. HcnHTaTH tok h HanpTaTH rpaipHK (pyHKHHJe fix) = (x — 1) In I 1 — 

1° OSjiacT flet()HHHcaHOCTH: <I?yHKH;HJa HHJe .necpHHHcaHa Ha HHTepBajiy [0,1]. 

HaKJie D = (—00, 0) U (1, +oo). 

2° Hyjie h 3heik: Hyjia HeMa. 3HaK: 



x- 1 



In 1 



(-oo,0) 



(l,+oo) 



m 

<&yHKn;HJa je Ha nenoM cbom flOMeHy, HeraraBHa, fix) < 0. 

3° IlapHOCT h nepaoflHiHOCT: Hhth napHa, hhth HenapHa, hhth nepnoflHiHa. 

4° TpaHHMHe BpeflHOCTH (pymcipije Ha KpajeBHMa flOMeHa: 

x^oo f{x) = {x-l)- (--- -L + (-L) ) =-l+--^ L +o(-j =-l + ^- + o(- 

\ x 2x z \x z J J x 2x \x J 2x \x 

HoOnjaMO j\& je lim f(x) = — 1. 

x — >oo 

lim fix) = — oo 
lim f{x) = 

a:— >1+ 



5° AcHMnTOTe (pyHKHiije: BepTHKajiHa acHMmoTa je npaBa x = 0. 06ocTpaHa xopH30HTaJiHa 
acHMnTOTa je npaBa y = — 1. Kafla a; — > — ex) rpacpHK je Hcno/i; npaBe, a 3a x — > +oo rpaipHK je 
H3Ha,n npaBe. 

6° IIpBH H3BO.Z];, MOHOTOHOCT H JIOKajIHH eKdpeMH (pyHKHHJe: 

fix) = In (l - I) + (x - l)-2_ • 1 = In ( 1 - i) + i 

\ a;/ x — 1 x z \ x J x 



3a CBe x H3 .noMeHa /'(x) < 0, ^aKJie (py HKn . H J a Ha neJioM .noivieHy ona^a (\). 
7° ZlpyrH H3BOfl, kohb6kchoct h npeBojHe TaMKe: 



/"(*) 



1 

.r 2 



x x — 1\ 1 

x— 1 x— 1/ x 2 (x— 1) 





(-oo,0) 


(l,+oo) 


rw 
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fix) 
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u 



<f>yHKn,HJa HeMa npeBOJHHX Ta^iaKa. 
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Tpa(j)HK <t>yHKn;HJe: f(x) = (x — 1) In I 1 



sH 1 1 h 

-4 -3 -2 



-1 



H H 



y = -\ 



x = 
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